We will describe how a new, quite simple, but highly effective algorithm, together with the asymptotically fast FFT-based high-precision number multiplication of Mathematica 4 can calculate the ground state of the x 4 anharmonic oscillator to the new record of more than 1000 digits.
Introduction
As it is well known, only a very limited number of one-dimensional potentials allow for an exact solution of the Schrödinger equation. This means that for many model potentials we must resort to numerical solution methods. For judging their accuracy, reliability, and speed, it is important to have high-precision values of certain nonexactly solvable potentials. The most investigated of such potentials is the quartic anharmonic oscillator (see [1] to [19] ), described by
The eigenfunctions to the eigenvalues k decay exponentially for z .
The Hill determinant method
A classical method for solving Sturm Liouville problems of type (1) is to calculate the eigenvalues of a truncated version of the corresponding Hill determinant. Using the harmonic oscillator basis Φ n z we write Ψ 0 z k 0 Α k Φ k z where
Thus we form the matrix elements h m,n Φ m z Φ n z z 4 Φ n z z. For n m we obtain The Hill determinant approach allows the calculation of the eigenvectors in addition to the calculation of the eigenvalues.
The following graphic visualizes the matrix of eigenvectors of h m,n 1 n,m 100 . The graphic shows that the lowest eigenfunctions are quite similar to the harmonic oscillator eigenfunctions. Higher states are complicated mixtures of harmonic oscillator states. The overall ˙checkerboard¯-like structure results from the fact that the contribution of the antisymmetric The new algorithm
To get a very high-precision approximation of
we start with the series expansion
For the ground state we choose (ignoring normalization) Ψ 0 1, Ψ 0 0. For ˙suitable chosen¯ x we then find high-precision approximations for the zeros of y n x and y n x . These zeros then bound Λ 0 from below and above.
Using the differential equation, one obtains the following recursion relation for a k Λ :
For large n (n ) we want the function y n x to vanish as x . For a Λ smaller than the exact eigenvalue, the function y n x will not have a zero, but the function y n x will have a zero for a certain x . For a Λ larger than the exact eigenvalue, the function y n x will have a zero, but the function y n x will not have a zero for a certain x . This fact allows us to find a bounding interval for Λ 0 . The next two graphics show y 80 x and y 80 x for 10 equidistant values for Λ from the interval 1.05, 1.08 to visualize this bounding process. (For more details, see [22] .) It is straightforward to implement the calculation of the bounding interval for Λ 0 in Mathematica in a three-line program (see [21] ). Using FindRoot we calculate high-precision values for the zeros of y n Ξ and y n Ξ . Statistical analysis of the number does not show any regularity.
Summary
A power series-based approach to the high-precision calculation of the ground state of the anharmonic oscillator was presented. Mathematica code to carry out the calculation, as well as results, were given. The method can straightforwardly be used to calculate tens of thousands of digits of the quartic anharmonic, as well as other anharmonic oscillators. Work concerning the application of the method to higher states is in progress.
All calculations and visualizations have been carried out in Mathematica 4.
